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. . . Abstract 

(^ I Consider in L?{jV-) the operator family H{e) :— Po{h,uj) + eQo. Pq is the quantum 

^D ■ harmonic oscillator with diophantine frequency vector w, Qo a bounded pseudodif- 

^N I ferential operator with symbol holomorphic and decreasing to zero at infinity, and 

P^ ■ e e 7?.. Then there exists e* > with the property that if |e| < e* there is a diophan- 

^ I tine frequency uj{e) such that all eigenvalues En{h, e) of H{e) near are given by the 

quantization formula Ea{h,e) = £{fi,e) + {u!{e),a)fi + \Lu{e)\h/2 + eO{afi)^, where a 

is an Z-multi-index. 



^ ■ 1 Introduction and statement of the results 

O 

f"^ ■ Denote by J^p^a the set of all functions f{x,^) : Ti?^ -^ C with finite ||/||p,o- norm for some 

^-^ I p > 0, a > (see Section 2 for the definition and examples). Any / € J-p^^ is analytic on 

^ . 7^^' and extends to a complex analytic function in the region |9zj| < aj|3f?Zj| for suitable 

I ' Oj > 0; moreover \f{z)\ ^ as \z\ — > +oo. Here z := {x,^). 

"ti I Let $p^(j denote the class of semiclassical Weyl pseudodifferential operators F in L^(7^') 



with symbol f{x,^) in J-^p^a] namely, (notation as in |Roj ) 



X- (^^)(^) ■■= Op]!{f{x,0Hx) (1.1) 

S ; = T! ff e*^(^-^)'«)/V((a; + y)/2, Ou{y) dyd^ u G S{n'). 

It follows directly from the definition of ||/||p,(j in 1)2. 5|) that F G ^p„ extends to a conti- 
nuous operator in L'^{TZ), with 



\\F\\l2^l^ < WfWp,.- (1.2) 

Consider in L^(7^') the operator family H{e) = PQ{h,uj) + eQo and assume: 
(Al) Po{h,uj) is the harmonic-oscillator Schrodinger operator with frequencies uj £ [0, 1] : 

Po{h,uj)u = -^h^Au + [ujlxl + ... + ujfxl]u, D{Po) = H^{n^)nLl{n^). (1.3) 
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(A2) Qq G ^p,a, its symbol qo{x,^) = qo{z) is real-valued for z = (x,^) G TZ^TZ\ and 
qQ{z) = 0{z'^) as z ^ 0. 

(A3) There exist r > / — 1, 7 > such that 

(a;,A:)>7|A:r", VA;eZ'\{0}, \k\ ■.= \ki\ + . . . + \kil uo := {loi, . . . ,u:i). (1.4) 

Denote Q.q the set of all uj G [0, 1]' fulfilling (|1.4p . and \^o\ its measure. It is well 
known that \Q.q\ = 1. 

Under the above assumptions the operator family H{e) defined on D{Pq) is self-adjoint 
with pure-point spectrum \/ e £ TZ: Spec{H{e)) = SpeCp {H{e)). Moreover ()1.4() entails in 
particular the rational independence of the components of lo and hence the simplicity of 
Spec(Po) and its density in 7^+ := T^+UJO}. Clearly, Pq is a semiclassical pseudodifferential 
operator of order 2 with symbol 

Po{x,0 = ^dCl' + \^xf) = ^ E ^klk{x,0, lk{x,0 ■■= l^ifk + ^14], k = l,..., .(1.5) 
2 2 ^^ luJk 



Theorem 1.1 Let (A1-A3) he verified; let h* > 0. Then given i] > there exist e* > 
and, for all e E [— e*,e*], il*^ C Q.q independent of {Ti G [0, /i*], 77) and oj{h,e) G il'^, such 
that if\a%\ < rj the spectrum of H(e) is given by the quantization formula 

Ea{h, e) = £{h; e) + {uj{h, e),a)n + -|u;(?i, e)\n + e7^(a?^, h; e). (1.6) 

Here: 

1. £{x;e) : [0,h*] x [— e*,e*] — ^ TZ is continuous in x and analytic in e, with £{x,0) = 0, 
£{0;e)=0; 

2. uj{x; e) : [0, h*] x [— e*, e*] -^ TZ is continuous in x and analytic in e with uj{x; 0) = lj. 

3. TZ{x,y,e) : IZ^ x [0, /i*] x [— e*,e*] ^ TZ is continuous in (x,y;e) and such that 

\TZ{x,y;e)\=0{\x\^), (1.7) 

uniformly with respect to (y, e). 

4. l^^'-f^ol -^0 ase^O. 

The uniformity in h of the estimates needed to prove Theorem 1.1 yields in this particular 
setting a formulation of Kolmogorov's theorem equivalent to that of |BGGSj : 



Corollary 1.1 Let e* , Vf^, £{x;e), i^{x]e) he as above. Then Ve there is an analytic 
canonical transformation (x,^) = V'el-^i </*) ofTZ onto TZ_^ x T such that 

{p, o V)(/, (A) = £{e) + {uj{e),I) + en{I, </.; e) (1.8) 

Here £{e) := £{0; e), a'(e) := a;(0; e) G il*^; TZ{I, (p; e) = 0{I^) as I ^ uniformly in (p. 

Remarks 

1 . The form ()1.8() of the Hamiltonian entails that a quasi periodic-motion with diophan- 
tine perturbed frequency uj{e) G Q^ exists on the perturbed torus / = 0; equivalently, 
a quasi periodic motion with frequency w(e) G f]^ exists on the unperturbed torus 
with parametric equations {x,^) = ^^(0, (/>). Making / = ah ()1.6() represents the 
quantization of the r.h.s. of (|1.8|) . In the formulation of |B(ir(TSj a quasi periodic 
motion with the unperturbed frequency oj G Q exists on an unperturbed torus with 
parametric equations (x,^) = VeCO)*/*)- The selection of the diophantine frequency 
within fi depends here on e because of the isochrony of the Hamiltonian flow gene- 
rated by pq. 



2. KAM theory (see e.g. Ko, |AAj . IMoj ) was first introduced in quantum mechanics 
in |DSj to deal with quasi-periodic Schrodinger operators. For its applications to the 
Floquet spectrum of non-autonomous Schrodinger operators see |BGj and references 
therein. Its first application to generate quantization formulas for h fixed goes back 
to |Be| for operators in L'^iT^) and to |Coj for non-autonomous perturbations of 
the harmonic oscillators. A uniform quantum version of the Arnold version has been 
obtained by Popov| Po2] , within a quantization diff^erent from the canonical one. The 
related method of the quantum normal forms also yields (much less explicit) quan- 
tization formulas with remainders of order 0{h°°), 0{e~^' ),0 < a < 1, 0{e~^' ) 
(see |Sj1 , |BGP] . |Polj respectively). These formulas hold for a much more general 
class of symbols; however they apply only to perturbations of semi-excited levels 
( [SjI IBGP] ) or again require a quantization different from the canonical one |Polj . 

Acknowledgment We thank Dario Bambusi for many useful comments and for pointing 
out an error in the first draft of this paper. 



2 Proof of the results 

Define an analytic action ^ of T into TZ tlirougli tlie flow oi pq: 

vi; : r' X 7^2^ ^ 7^2', </,,(x,e)^ (x',0 = ^<^(x,0, (2.1) 

where 

x'k ■■= — sin (j)k + rcfc cos (pk, i'k ■= Cfc cos (pk - ^kXk sin (pu- (2.2) 

^k 

If z := {x, ^), the flow of initial datum zq is indeed z{t) = ^u)t{zQ)-, ujt := (cJit, . . . , toit). 
If / G L\^^{Ti?^), the angular Fourier coefficient of order k is defined by 

fk{z) := ^ /^^ /(M/^(z))e-<^'<^> d,^, fe G Z'. 

If / G C^ one has, as is well known 

/(*4z)) = Y. h{z)e^^'^t>) =^ f{z) = Y: fk{z). 

k&Zi k&Z^ 

Note furthermore that f = fk for some fixed k if and only if 

f{^4z)) = e^'^^^^)f{z). (2.3) 

Taking / G L^{TZ ), we will consider the space Fourier transform 

f(')--=7:r^2l [ f(^)^'"^'''^dz, (2.4) 

as well the space Fourier transforms of the /fc's: 

^(^) ■= Wf L L f(^d^))^"^'^''^-'^'"^d^ dz. 
Given p > 0, cr > 0, define the norm 

ll/IU:= Ee''"/j^(")l^''''''^"- (2-^) 

Definition 2.1 Let p>0,a> 0. T/ien JT^^^ := {/ : 7^2' ^ C | ||/||p,„ < +oo}. 

Remarks. 

1. If / G .^p,(T then / is analytic on 7^^', and extends to a complex analytic function on 
a region Bp^a C C^' of the form Bp^^ '■= |9-Zi| < aj|3f?Zi|, with suitable Oj. 



2. F := Op^W{f) is a trace-class, self-adjoint ?i-pseudodifferential operator in L^(7?.') 
if / G J^p,cT- Let f{s) be the Fourier transform of /. Since ||/||j;,i < ||/||p,(Ti we have 

WFWl^^l^ < I \Ks)\ ds ^ ll/bi, ||F||l2^l2 < ll/llp,.. (2.6) 

3. V We introduce also the space T^r of all functions / : Ti?^ -^ C such that 

\\g\\a ■■= I \g{s)\e''\'Us<+(X). 

Obviously if / G J- a then / is analytic on TZ , and extends to a complex analytic 
function in the multi-strip 5 := {z G C \ \'^Zi\ < a}. 

4. Example of / G J^p^a- f{x,^) = P(x,^)e^*^l^l +1^' \ P{x,0 any polynomial. 

The starting point of the proof is represented by the first step of the Kolmogorov iteration, 
and is summarized in the following 

Proposition 2.1 Let lo G Qq. Then, for any 0<d<p, 0<6<(t: 

1. There exists a unitary transformation U{uj,e,h) = e" ^' : L •s-^ L , Wi = Wf and 
uji{e) G [0,1]' such that: 

UH{e)U-^ = Poih,iOii€)) + e£il + e^Qiie, fi) + ei?i(e, h). (2.7) 

Here: Si = %; Wi = Op)f (wi) G ^p-d,a-S, Qi{e,fi) = Op^ (qi) G ^p-d,a-5 with 

\\wi\\p-d,a-5 < d'^\\qo\\p,a \\qi\\p-d,a-5 < '^"^'^"^^Ikollp,^- (2-8) 

2. Ri{e) is a self-adjoint semiclassical pseudodifferential operator of order 4 such that 
[i?i(e),Po] = 0; 3 Z^i > such that, for any eigenvector ipa of Pq^lo): 

\{^Pa,Ri{e)iPa)\<Di{\a\hf. (2.9) 

3. \/ K > with (1 + K'^) < —r. — r. — 3 r^i C r^o closed and di > 1 independent of K such 

e|kollp,(T 

that 

l^o-^il <7(1 + 1/-?^'^')- (2.10) 

Moreover if uJi G Oi then \l.4\ l holds with 7 replaced by 

7i:=-f-e\\qo\\p,M+K^). (2.11) 

Proof To prove Assertion 1 we first recall some relevant results of |BGPj . 



Lemma 2.1 (Lemma 3.6 of [ BGPp Let g G J'p,cr- Then the homological equation, 

{po,w}+M = g, {po,M} = (2.12) 

admits the analytic solutions 

Af:=~go; ^:=E7^' (2-13) 

with the property M o ^^ = M . Equivalently, M depends only on Ii, . . . ,![. Moreover, for 
any d < p: 



p,a<\\g\\py, \\w\\p~d,a < c^ ,^' ; c^:=(-) -• (2.14) 

Given {g,g') G J^p,a, let {g,g'}M be their Moyal bracket, defined as 

{g, 9'}m = g#g' - g'#g, 

where 7^ is the composition of g, g' considered as Weyl symbols. We recall that in Fourier 
transform representation, used throughout the paper, the Moyal bracket is (see e.g. [Foj . 
3.4): 

{{g,g']MT{s) = lf I g{s^)g'{s-s^)s\n\h{s-s^)^s^/2]ds\ (2.15) 

where, given two vectors s = {v,w) and s^ = {v^,w^), s A s^ := {w,vi) — {v,wi). 
We also recall that {g,g'}M = {g^g'} if either g or g' is quadratic in (x,^). 

Lemma 2.2 (Lemmas 3.1 and 3.3 of f BGPp Let g G J='„, g' G T^^s- Then: 
1. VO<(5'<CT-5.- 

\\{g.9'}M\\a-&-&' < ^2^,(^5 ^^f^ WaWaWg'Wa-s- (2.16) 



(2.17) 



2. Let g G J-p^a o-nd g' G J-^p^a-5- Then, for any positive 5' < a — 6: 

\\{g,g'}M\\p,a-5-5' < -^2^iT^^-^\\9\\p,<T \\9'\\p,cT-5- 

As a simple corollary of Lemmas 12.11 and 12.21 we find: 

Lemma 2.3 (Lemma 3.4 of [BGPJ ^ Let g G J^p,a, w G J^p,(7- 

1. Define 

gr ■■= -{'w,gr-i}M, r >1; go := g. 

r 

Then gr G Tp^a-& for any < 6 < a, and the following estimate holds 

\\gr\\p,a-6 < [S''^\\w\\p,ct) \\g\\p,a- (2.18) 



2. Let g £ ^p,a, CLnd w be the solution of the homological equation \2.1^) . Define the 
sequence Pro : r = 0, 1, . . . as follows: 

Poo ■=P0; Pro ■= -{w,Pr-lo}A4, r > 1. 

r 
Then, for any < d < p,0 < 6 < a, PrO ^ ^p-d,cT-S o-'n-d fulfills the following estimate 

I — 2ii \r-\ 

Proof of Proposition 12.11 

With \J\ = e**^ ^' , W\ continuous and self-adjoint, we have in general: 

Ux{Po + eQo)^r' = i^o + ^Pi + e'Qi, (2.19) 

Px:=Qo^Wx.Po\liK (2.20) 

Qi := e^2 (f7^(pQ + eQ^)U^^ - Pq - e(Qo + [Wi, Po]/in)) . (2.21) 

We start by looking for Wi G Tp^a such that the first order term yields an operator 
A^i G Tp^a commuting with P^: 

Qo + [Wi,Po]/ih = Ni, [NuPo] = 0. (2.22) 

Denoting by wi, Mi the (Weyl) semiclassical symbols of Wi, Ni, respectively, ea. H2.22|) is 
equivalent to a classical homological equation in .Fp^o- 

{Po,wi}m +^fl= qo, {po,Mi}m = 0. (2.23) 

However po is quadratic in (a;,^). Therefore the Moyal bracket {po,wi}m coincides with 
the Poisson bracket {po,wi} and the above equation becomes 

{po,wi} +Afi = qo, {po,Mi} = 0. (2.24) 

The existence of wi £ J^p~d,a, M G Fp^^ with the stated properties now follows by direct 
application of Lemma 12.11 

We now prove the second estimate in (|2.8|) . We have: 

Jo Jo 
and we can estimate 

\\[[Po + eQo,Wi],Wi]\\L2^L2 < \\{{po + eqo,Wi}M,Wi}M\\p-d,a-5- 



It follows, by Lemma 2.3 and Lemma 2.1, that 



i:-2j-2T| 



WQiWl-^^L-^ < \\{{P0 + eqo,Wi}M,Wi}M\\p-d,a-5 <^ d'~' \\Q0\lp,a- 

This proves the second estimate of (|2.8() . 
To prove the Assertion 2 set: 

£i := AAi(O); wi(e) = w + e(V/AAi)(0), 
7^l(I,e) = Ari{I)-{{ViAfi){0),I)-£i, 



and define 



i?i(6):=0pr(^i(^,e))- 



(2.25) 
(2.26) 

(2.27) 



Then clearly -Ri(e) is a self-adjoint semiclassical, tempered pseudodifferential operator of 
order 4, vanishing to 4-th order at the origin, and with the property [i?i(e),Po] = 0- 
Therefore formula 1)2. 9(1 follows directly by Proposition A.l. 
As far as Assertion 3 is concerned, set: 



Tkia) := {Loe[0,l]'':\{uj,k)\<a}, 



As in IBGI. Lemma 5.6, we have: 



\k\>K ^l''! 



\Ti{a)\ < -a. 



(2.28) 
(2.29) 



Hence if r > / — 1 we can write 



u ^^ 

\k\>K 



71 



< 



E 

\k\>K 



71 ^ 71 



|yt|r+l J^di- 



Since |(a;i(e), A;)| > 7i/|fc|^ by construction when \k\ < K, the proposition is proved. 



3 Iteration 



The above result represents the starting point for the iteration. To ensure convergence, we 
first preassign the values of the parameters involved in the iterative estimates. Keeping e, 
K, 7, p and a fixed define, for p > 1: 



a 



a„ 



P 



, 2 ' ^p • — ^p—1 ^pi Pp • — / 2 ' ^p ■ — ^p— 1 Pp 



Ap 



4pi 



4er, 



Ip ■■= Ip-i - ^ , ^r ' Kp:=pK 



(3.1) 
(3.2) 



where Cp is defined in p.lSf) below. The initial values of the parameter sequences are 
chosen as follows: 

70 := 7; So := a; tq := p, eg = 0. (3.3) 

We then have: 

Proposition 3.1 let uj G JIq- There exist e*{'y) > and, \/p > 1, a closed set $7^ C CIq 
such that, if \e\ < e*{'~f) > and ujp{h;e) G O^.' 

1. One can construct two sequences of unitary transformations {Xp^, {1^} in L'^ijV') with 
the property 

Xp{Po{uj) + eQo)X;^ = (3.4) 

Po{ojp{h; e)) + e£p{h; e)I + e^^Qp + 



s=2 

2. Xp and Yp have the form 

Xp = U1U2 ■■■Up; (3.5) 

y, = C/pC/p_i •••[/,. (3.6) 

Here Up{uj, e, fi) = exp [ie^"' Vp//i] : L^ ^ L^ , Wp = W; 

Wp = Op'^iwp) G ^r,,s,, Qp{e, n) = Op'^iqp) G $,^,,^, (3.7) 

Ikpllrp.Sp < Pp ^lkp-l||rp_i,Sp_i lkpl|r-p,sp < Pp ^0-p |kp-l ||rp_i,Sp_i , (3.8) 

8p{n;e)=Y,Ns{h)e^\ Kih) = {qs)o{h). (3.9) 

s=0 

3. Rs{e) is a self-adjoint semiclassical pseudodijjerential operator of order 4:,- [Rs{e),Po] = 
0; there exist Dp > 0,Dp > such that, for any eigenvector tpa of Pq{uj): 

\{ilJa,Rp{e)i^a)\< Dp{\a\hf, (3.10) 

p _ 

\{^a.,Y.^sRs-iY-\'''' ^Pa)\ < Dp{\a\nf. (3.11) 

4- y Kp^i > such that 

(1 + K;_,) < ^^-' , (3.12) 

3 rip C ilp-i closed and dp > 1 independent of Kp such that 



Moreover if ujp{e) £ il.p then \1.4}) holds with 7 replaced by 

7p := jp-i - ej,{l + K;_,) (3.14) 

— 2P-1|| II (o 1 r\ 

Cp •— e \\Qp-l\\rp-i,Sp-i {6.10) 

Proof 

We proceed by induction. For p = 1 the assertion is true because we can take Wi, Qi, Ri, 

(jji, ill, -^1 ^s in Proposition 12. 11 To go from step p — 1 to step p we consider the operator 



Xp^iiPoicu) + eQo)X-\ :-- 



PoiuJp-i{h;e)) +e£p^i{h;e)I + e Qp^i 

s=2 

We have to determine and estimate the unitary map Up transforming it into the form (|3.4|) 
via the definitions 1)3. 5(1 . With Up = e!" "^^ , Wp continuous and self-adjoint, we have at 
the p-th iteration step 



t/p(PoK-i + e' Qv-i)Up' = Poicop) + e"^ Pp + e"^Q 



P' 



Pp:=Qp-i + [Wp,Po]/ih, 
Qp := e-2 (Up{Poiujp.i) + eQo)U{' - PoK-i) - e(Qp-i + [Wp, Po]/in)) . 



(the exphcit dependence of the frequencies on (?i,e) has been omitted). We will look 
therefore for Wp G ^rp,sp and an operator Np £ ^rp,sp such that 

Qp + [Wp, Po]/ih = Np, [Np, Po] = 0. (3.16) 

Denoting Wp, Mp the (Weyl) semiclassical symbols of Wp, Np, respectively, ea. (|3.16|) is 
again equivalent to the classical homological equation in J^p^„ 

{PO,Wp}M +^fp = Qp, {PO,^fp}M = 

which once more becomes 

{po,Wp} +Mp = qp, {po,Mp} = 0. 

The existence of Wp G J^rp,sp, J^p G ^rp,sp with the stated properties now follows by direct 
application of Lemma 12.11 Expanding Np as in the proof of Proposition 12.11 and taking 
into account the definitions ()3.5() we immediately check that XpXp^i{PQ{uj) + eQQ)Xp_iXp 
has the form (|3.4)1 . The estimate of Qp and the small denominator estimates follow by 

10 



exactly the same argument of Proposition 2.1. The estimate ()c{.lU|) is proved exactly as 
(|2.9|) . It remains to prove the estimate (|H.llj) . By the inductive assumption, it is enough 
to prove the existence of D'^ > such that 

We only have to prove that the operator UpRp-iUp^ is an ?i-pseudodifferentiaI operator of 
order 4 fulfilling the hypotheses of Proposition A.l, assuming by the inductive argument 
the validity of these properties for Rp-i. On the other hand, Up = exp {ie Wp/h), and 
Wp is an ?i-pseudodifferential operator of order 0. We can therefore apply the semiclassical 
Egorov theorem (see e.g. |R oj . Chapter 4) to assert that UpRp^iUp^ is again an ^-pseudo- 
differential operator. Denote o"(x, ^; e; h) the Weyl symbol of UpRp-iUp^ , and consider its 
expansion 

M 

It is clearly enough to prove that the principal symbol aQ{x,(,;e) has order 4. Denote by 

(j){x, ^; e) := exp [e^''C^^]{x, ^) 

the Hamiltonian flow on 7^^' generated by the Hamiltonian vector field C^p at time e ; 
here 'Wp{x,S,) is the principal symbol of Wp. Then ao{x,^;e) = TZp_i{(l){x,S,;e)) where 
TZp_i{x,^) is in turn the principal symbol of Rp-i- Now 

4'ix,C;e) = {x+ \/^Wp{x,C;r])dr],C- V^Wp{x,C;rj) dr]). 

JO Jo 

By Assumption A2 and the inductive hypothesis we know that Wp{z) = 0(|zp) as \z\ — > 0. 
Hence we can write (i){z) = z + er{z) where r(z) = 0{z), z ^ 0. This concludes the proof 
of Proposition 3.1. 

Proof of Theorem 11.11 

Applying the estimates on qp in Propositions 12.11 and 13.11 iteratively, we have 



t\^\(^^^' 



Up-\ ^ Up- . 2P 

rp,sp < I — I • I -r I ll^oll , (3.17) 



whence 

\ef\\Qp\\L^^L- < \ef{4p'fP^-+^^p-'^Pa-'P\\qo\r - as p - oo, (3.18) 

for all |e| < e* provided e* > is small enough. At the p-th iteration the frequency is 

given by 

p 

Up{h;e)=uj + "^VlJ\fs{fi)e^\ (3.19) 

11 



Since \\VJiz)\\p-d,a-5 < ^||/(^)||p,a, by (EUl) we have 

f]|V,AA,(7i)62=|<f]|6|2^(452)2^(-+i)p-2-V-2«||<^o||2\ (3.20) 

s=l s=l 

Hence the series ()3.19() converges as p — > cxd for |e| < e* if e* is small enough, uniformly 
with respect to h) G [0, h*]. In the same way, the estimate p.l7p entails, by the definition 
fl3.14l) . the existence of lim 7p := 700- Let uj(h;e) := linip^oo^pi^ e)- Then ujih;e) is 
diophantine with constant 700 by Proposition 13. II In the same way: 



8{n-e) = Y.Ns{n)e^\ |e|<e* 



s=l 



r,S — 2 



Finally, let Tl{ah, e) be an asymptotic sum of the power series ^ YgRg-iYg ^e^ . Then 

s=2 

the validity of (jl.Tjl follows by its validity term by term. This concludes the proof of 

Theorem 11.11 

Proof of Corollary 1.1 

It is enough to illustrate the specialization of the argument of Propositions 2.1 and 3.1 
to the h = case. Denoting by e*^ "i the canonical flow at time e generated by the 
Hamiltonian vector field generated by the symbol wi, we have: 

e'^-^ {po + eqo){x, = {po + epi + e\°,){x, 0, (3.21) 

Pi-=qo + {wi,po}, (3-22) 

qO := e-2 (^^eC^, ^^^ ^ ^^^^^^^ - Po - e{qo + {wi,po})) • (3.23) 

Remark that e^ "^ (po + ^Qo){x,0 is the principal symbol of Ui{Po + eQo)U[^ by the 
semiclassical Egorov theorem; pi is the full, and hence principal, symbol of Pi because po 
is quadratic. Likewise, Qi is the principal symbol of Qi. Hence the classical definitions 
H3. 2113. 2213. 23() correspond to the principal symbols of the semiclassical pseudodifferential 
operators Ui{Po + eQo)Ui , Pi, Qi defined in (|2. 1912. 2012. 211) . Therefore we can take over 
the homological equation (|2.24|) and apply Lemma 12.11 once more. This yields the same 
wi and A^i of Proposition 2.1. To prove the estimate (|2.8|) for Qi we write 



qi= f e''^^^{{po + eqo,wi},wi}ds 
Jo 



Now as in |B(jGSj . Lemma 1, note that if |e| < e* and z = (x,^) G Bp^d,u-5 then 
e^^^iz G Bp^fj for < s < 1 because (Lemma 2.1) e||Vu;i||p_(i^o- < e(''"/e)c^d~^||go||p,o-- 
Therefore we can apply Lemma 2.3, valid a fortiori for the Poisson bracket, and, as in the 
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proof of Proposition 2.1, get the estimate corresponding to the second one of H2.8|) : 

||g?||p_rf,<,_5 < \\{{po + €qo,wi},wi}\\p_d,a-5 < S-^d~^^\\qo\\l„. (3.24) 

Now, writing: 

tl^l{x,0 = e^^-i(x,0, £:i:=M(0); (3.25) 

wi(e) = w + e(V/AAi)(0), (3.26) 

ni{I,e) = M(0)-((V/M)(0),/)-fi, (3.27) 

we can sum up the above argument by writing (compare with (|2.7j) ) 

V'e ° (PO + eqo) =£i + (u;i(0; e), /) + e^qi{I, 4>) + en\{I, e) (3.28) 

where TZ\ is the principal symbol of Ri. Morover, Assertion 3 of Proposition 2.1 holds 
without change. 

Let us now specialize the iterative argument of Proposition 3.1. First, the parameters 
defined in (|3.1I3.2I3.3J) remain unchanged. Then: 

1. The construction of the two sequences of canonical transformations 

X? = Ve°V'e---oV'?, P = l,2,... (3.29) 

C = re0^l,l-^...o^l,l p=l,2,... (3.30) 

i;!{x,0 = e''-hx,i) (3.31) 

such that 

</o ° (^0 + ^«o) = (3.32) 

s=2 

follows as in the above argument valid for p = 1. Here w^, g^, TZ^ are the principal symbols 
of the semiclassical pseudodifferential operators Ws, Qp and Rg, once reexpressed on the 
(x,^) canonical variables via, with ujp in place of tJi. Morover: 

£p{e) = J2^^sme^\ AA,(0) = (g^)o(O). (3.33) 

s=0 

P 

ujpie) = u + Y,oJsifi)e^\ tj,(0) = V/A4(0) (3.34) 

s=0 

2. The estimates (|3.8() are a fortiori valid with Wp, q^ in place of Wp, Wp] as a consequence, 
1)3.13(1 holds unchanged together with the definitions (|3. 1213. 1413.15(1 . Hence the uniform 
estimate (j3.17() allows us to set ?l = in (|3.19|3.2()(1 . 
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3. Finally, remark that 7^°(/) = 0{P), s = l,...,p. Now the estimate iplTZs{I) = 0{P) 
as / ^ follows by exactly the same argument of Proposition 3.1 after rexpression on the 
canonical variables (a;,^). 
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Appendix 

To establish the remainder estimate ()1.7() the key fact is that vanishing of a symbol at the 
origin (x, ^) = implies bounds on harmonic oscillator matrix elements that are uniform 
in h. No analyticity of the symbol is required for this result, so we will state and prove it 
in somewhat greater generality, using the following semiclassical symbol class defined in 
Shubin [Hh|: 

S"^'/^ = {f £ C~(7^2' X (0,e]) : \d]f{z,h)\ < C^{z)"'-\"'\h^'}, 

where z = (x, ^), here considered a real variable, and (z) = ^1 + \z\'-^. For future reference 
we note that Proposition A. 2. 3 of |Shj gives the result: 

V/GSO.M, ||Op^(/)|U2<C(/)/i^ (Al) 

for all h£ (0,e]. 

The matrix elements in question are most easily computed in Bargmann space, with 
the remainder operator written as a Toeplitz operator. Since these are anti-Wick ordered, 
we first must consider the translation from Weyl symbols to anti-Wick (for these notions, 
see e.g. IBS) ). Denoting by Op^^{f) the anti-Wick quantization of a symbol / G S™''^, 
the correspondence is given by the action of the heat kernel on the symbol: 

Op^'^(/) = Op)f(e'^/V), (A2) 

where A = A^ = dx -dx + d^-d^. To begin, we show that the Weyl symbol of an anti-Wick 
operator is given by formal expansion of the heat kernel up to a remainder. 

Lemma Al For f,ge S*"''', suppose that Op^^{g) = Opf{f). Then for all n>l, 

Proof. According to (A. 2), 

In this expression we will expand g{w) in a Taylor series centered at w = z: 
g{w,h)= V —d°'g{z,h){w - z)" + r{w,z,h), 

a|<2n 



where 

r(w, z) 



y c'^{w - zY / (1 - tf^'-^d^'giz + t{w - z)) dt. 

r. Jo 



\a\=2n 
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Thus, 



f{z,K)= Y^ Cad°'g{z,n)+r{z,h), 

\a\<2n 



where 

1 1 



and 



w 



"e-l""!'/^ dw, 



h)= J2 (^L^~j I {w-zYe-\'-'"\l^{l-tf''-^d''g{z + t{w-z))dtdw. 

\a\=2n 



Note that Cq, = for \a\ odd, and for any integer k 

The lemma is thus reduced to the claim that r(z, %) G •£m-2n,fi+n 
To see this, we change variables by w' = {w — z)l\fh, to write 

"1 
/o 



(^, ?i) = ^ c;;^" / / u;"e~l"'l (1 - t)2"-ia"r7(z + tw\fK) dt dw. 

\a\=2n 



We must estimate the derivatives: 

d^r{z,h)= J2 Cafi'" f f w'^e-\'"\\l-tf''-^d^g{z + twVn)dtdw, 

\a\=2n 

where \(3\ = 2n + \^\. This integral for d^r we then split into two pieces according to 
the domain of the it;-integral, /^ ^ : |ti;| < \z\/2 and I'^ n : \'w\ > \z\/2. The assumption 
g £ 5]™''' implies an estimate 

14^1 <C(z)"-2"-l^lr+'^. (A3) 

The second term is taken care of by the exponential factor in \w\: 

\rif,\<Cin'{z)-', VL 

Therefore d^r satisfies an estimate of the form (A. 3) for any 7, and hence r £ ^m-2n,fi+n^ 
D 

Our application of Lemma A.l will be specifically to operators of order 4: 

Lemma A. 2 For g G S^''^, 

Op^{g) = Op^^(ff) - ^Opi'^iAg) + R{h), 
16 



where \\R{n)\\L2 < CH^ . 

Proof. Let (t{A) denote the Weyl symbol of the 7i-pseudodifFerential operator A. Applying 
Lemma A.l with n = 2 gives 



and 



^a{Opr{^9)) = lAg + r2, 



where ri,r2 G S ' . Noting that 

Op^ig) - Op^ (5) + jaiOpi'^iAg)) = Op^ {n - r^), 

the bound on R{fi) follows from (A.l). D 

The point of introducing anti-Wick symbols is to exploit the Bargmann space repre- 
sentation of the harmonic oscillator. The Bargmann space is (see e.g. |BSj ) 

Hn = Ll,i{C\e'\-^\""'dzd-z). 

The Bargmann transform is an isomorphism B : L?'{TZ) -^ Tifi, defined so as to intertwine 
anti-Wick operators with Toeplitz operators: 

BoOpt'^{f)oB-' = Tn{f). 

The Toeplitz operator Tnif) : Tin ^ Ti-n is defined for / e S™'^ by 

Tnif) = UnMif), 

where M{f) denotes the multiplication operator on L'^{C , e~'^' ' dzdz) (identifying TZ = 
C^ hy z = X + i^), and H^ : L^(C',e~'^' '^ dzdz) — > Tin is orthogonal projection onto the 
holomorphic subspace. 

The main result of this Appendix is the following matrix element estimate: 

Proposition A.l Let {ipa} be the normalized eigenstates of the standard harmonic oscil- 
lator on iF'iJZ). Suppose f G T,'^'^ satisfies 

f{z,h) = ^ z'^gy(z,h), 

|7|=4 

where sup l^^^-yl < M for all \f3\ < 2. Then 

KV'«,0p)f(/)V'a>l<CM(|a|n)2 
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for all a, %, where C depends only on the dimension. 

Proof. Under the Bargmann transform the harmonic oscillator eigenstates have a partic- 
ularly convenient form: 

(6-Va)(^) = (7r'/il°l+'a!)-i/2 . ^«. 

Using Lemma A.l we write 

Op^(/) = Op^^(/) - ^Op^^(A/) + R{h), {AA) 

where \{R{n))\ <Ch^. 

Consider the matrix element of the first term on the right-hand side of (A. 4). In 
Bargmann space this becomes 

Writing / as a sum over z'^g^ with I7I = 4, the estimate for a particular 7 is straightforward: 

|(^„,Op^^(z%)^„)| < M I j\z^\^\z\''e-\^\'l''dzd-z 

= Mh^{\a\+l){\a\+l + l). 

The second term on the right in (A. 4) is handled in a similar way. By assumption 
we can write A/ = X]|n|=2 z'^^r){z, ft), where sup |/i^| < 12M. The estimate then proceeds 
exactly as above (noting that there is an extra factor of h in front of this term). D 



References 

[AA] V.I.Arnold, A.Avez, Problemes ergodiques de la mecanique classique, Gauthier- 

Villars, Paris 1967 

[BG] D.BambuSI, S.Graffi, Nonautonomous Schrodinger operators with undounded 

quasiperiodic coefficients and KAM methods, Commun.Math.Phys. 219 (2001), 465-480. 

[BGP] D.BAMBUSI, S.Graffi, T.Paul, Normal Forms and Quantization Formulae, Com- 
mun.Math.Phys. 207, 173-195 (1999). 

[BGGS] G.Benettin, L.Galgani, A.Giorgilli, J.M.Strelczyn, A proof of Kolmogorov's 
theorem, Nuovo Cimcnto 79B (1984), 201-223. 

[BS] F.A.Berezin and M.S.Shubin, The Schrodinger Equation, Kluwer 1991. 

[Be] J.Bellissard, Stability and Instability in Quantum Mechanics. Trends and develop- 

ments in the eighties (Bielefeld, 1982/1983), 1-106, World Sci. Publishing, Singapore, 
1985. 

18 



[Co] M.COMBESCURE. The quantum stability problem for time-periodic perturbations of the 

harmonic oscillator. Ann. Inst. H. Poincare Phys. Thcor. 47 (1987), no. 1, 63-83. 

[DS] E.I.DiNABURG, Ya. G.Sinai, The one- dimensional Schrodinger operator with a quasi- 

periodic potential, Functional Anal.Appl. 9, (1976), 279-289 

[Fo] G.FOLLAND, Harmonic analysis in phase space, Princeton University Press 1988. 

[Ko] A.N.KOLMOGOROV , On conservation of conditionally periodic motions for a small 

change in Hamilton's function. (Russian) Dokl. Akad. Nauk SSSR (N.S.) 98, (1954). 
527-530. (English translation in: G.Casati, J.Ford (Editors) Lecture Notes in Physics 
91, Springer- Verlag 1979. 

[Mo] J.Moser, Stable and random motions in Hamiltonian systems, Princeton University Press 

1973 

[Pol] G. Popov, Invariant tori effective stability and quasimodes with exponentially samll 

terms. I: Birkhoff normal form, Ann. Henri Poincare 1 (2000), 223-248. 

[Po2] G.Popov, Invariant tori effective stability and quasimodes with exponentially samll 

terms. II: Quantum Birkhoff normal form, Ann. Henri Poincare 1 (2000), 249-279. 

[Ro] D.Robert, Autour de V approximation semiclassique, Birkhauser, Basel 1987. 

[Sh] M.S.Shubin, Fseudodifferential Operators and Spectral Theory, Springer- Verlag 1987. 

[Sj] J.SlOSTRAND, Semi-excited levels in non- degenerate potential wells. Asymptotic Analysis 

6 (1992), 29-43. 



19 



